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We consider the role of non-triviality resulting from a non-Hermitian Hamiltonian that conserves
twofold PT -symmetry assembled by interconnections between a PT -symmetric lattice and its time
reversal partner. Twofold PT -symmetry in the lattice produces additional surface exceptional points
that play the role of new critical points, along with the bulk exceptional point. We show that there
are two distinct regimes possessing symmetry-protected localized states, of which localization lengths
are robust against external gain and loss. The states are demonstrated by numerical calculation of
a quasi-1D ladder lattice and a 2D bilayered square lattice.
PACS numbers:
Parity–time (PT ) symmetric systems exhibit a phase
transition through spontaneous symmetry breaking,
from an unbroken PT -symmetric phase that keeps the
eigenenergy real in non-Hermitian systems, to a broken
phase that contains complex conjugate energies [1]. As
the general characteristic of non-Hermitian systems, non-
Hermiticity develops from imaginary phase accumulation
and imaginary potential due to an imbalance of parti-
cle/energy flow where H† 6= H [2–5]. PT -symmetry is
protected in non-Hermitian systems with a balance of
energy gain and loss represented by the commutation re-
lation [H,PT ] = 0, where H is a Hamiltonian and PT
is a combination of parity and time-reversal symmetry
operators. A wide range of PT -symmetric systems have
been explored over several fields, including optics [4–10],
electronic circuits [11], atomic physics [12], and magnetic
metamaterials [13]. Phase transitions in these systems
occur via exceptional points (EPs), which are degen-
erate points of eigenenergies in non-Hermitian systems
that generate a Mo¨bius strip structure of eigenenergies
in parametric space because of the square-root branch-
ing property of the singular point [14, 15]. Such a topo-
logical structure has been reported in microwave exper-
iments [16, 17], optical microcavities [18], and a chaotic
exciton-polariton billiard [19].
In non-Hermitian systems, states localized at the
edges, interfaces, and defects have recently attracted
considerable attention not only in fundamental stud-
ies such as topology and symmetry but also in appli-
cations to quantum technologies. Non-Hermitian flat
bands generate localized zero modes analogous to Ma-
jorana zero modes in condensed matter physics, of which
real energies are zero but imaginary energies are non-zero
[20, 21]. These non-Hermitian zero modes (NHZMs) are
protected by non-Hermitian particle–hole (NHPH) sym-
metry, which is also called charge-conjugate symmetry,
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where ǫi = −ǫ∗j with Re(ǫi) = 0 if i = j [22, 23]. It has
been shown that NHPH symmetry generates topologi-
cal defect modes at the interface between non-Hermitian
lattices based on topologcially trivial Hermitian lattices
[24, 25]. Otherwise, topologically protected NHZMs have
been proposed in non-Hermitian lattices based on topo-
logically non-trivial Hermitian lattices, such as the Su–
Schrieffer–Heeger model [26–31]. In addition to NHZMs,
non-Hermitian bound states (NHBSs) are protected by
PT -symmetry, where ǫi = ǫ∗j with Im(ǫi) = 0 if i =
j [32, 33]. Anomalous localized edge states in non-
Hermitian lattice models have been attributed to a wind-
ing number around an EP in momentum space [34–36];
localized states also exist at the interface between two
lattices with the same topological order but with dis-
tinct quantum phases, such as unbroken and broken PT -
symmetric phases [37, 38].
A PT -symmetric system can be realized by combin-
ing the even-parity of the real potential and the odd-
parity of the imaginary potential with respect to the
PT -symmetric axis. Pairing the systems to be time-
reversal partners induces twofold PT -symmetry, which
generates two different symmetric axes and guarantees
two EPs. Such multiple EPs by multifold PT -symmetry
as well as single EPs by simple PT -symmetry have
been studied both theoretically and experimentally [39–
41]. In this work, we introduce a lattice containing
twofold PT -symmetry to study how interplay between
non-Hermiticity and bulk symmetry affects the wavefunc-
tions of the lattice. We find two pairs of interface states
that decay exponentially in the space distinguished by
the bulk states. Particularly, we focus on robust local-
ized states (NHZMs and NHBSs) of which localization
length is unaffected by variation of external gain/loss in
two distinct regimes between the bulk EP and surface
EPs.
Let us prepare the PT -symmetric ladder lattice with
a basis of two sites (see Fig. 1 (a)). Non-Hermiticity
is adopted by respective gain and loss at the two sites
in the unit cell, a balanced amount of which preserves
PT -symmetry. A series of such unit cells forms a ladder
2FIG. 1: (color online). (a) Sketch of a PT -symmetric ladder
lattice with gain (red) and loss (blue) on the upper and lower
lattices, respectively. (b) Real (black solid line) and imaginary
(red dashed line) parts of the complex energy bands of a PT -
symmetric ladder lattice for γ < γb (left), γ = γb (middle),
and γ > γb (right). The parameters are d = 3 and t = 1.
(c) Sketch of the intertwined PT -symmetric ladder lattice
considered here.
lattice with inter-cell hopping. The lattice Hamiltonian
for this system reads Hˆ0 =
∑∞
l=−∞ hˆl, where
hˆl = c
†
lhcl + c
†
lT
†cl+1 + c
†
l+1Tcl (1)
and c†l ≡ (|l, A〉 , |l, B〉). The matrix h ≡ iγσz − dσx de-
scribes the non-Hermicity with γ and the intra-cell hop-
ping with −d, while T ≡ −tσ0 describes the inter-cell
hopping where σx,z are the Pauli matrices and σ0 is the
2× 2 identity matrix.
The matrix representation of the Hamiltonian for a
single ladder lattice in momentum space is written as
H0(q) = h − 2t cos qσ0 through the Bloch wavefunc-
tion |ψ(q)〉 ≡ ∑n einqc†n, where q is the momentum
vector. The (non-normalized) eigenstates are ψη(q) =
(−iγ/2− η
√
d2 − (γ/2)2, d)T , which are independent of
q, where η = ± assigns the upper/lower bands. The cor-
responding eigenvalues of the Hamiltonian are Eη(q) =
−2t cos q + η
√
d2 − (γ/2)2, which are complex energy
bands as E(k) = Er(k) + iEi(k) according to different
γ in Fig. 1 (b). One may notice that there exists a phase
transition between unbroken and broken PT -symmetric
phases through the EP. At this EP, two complex energy
bands merge into a single energy band, as shown in mid-
dle panel of Fig. 1 (b); otherwise, the real and imaginary
bands are separate. The real and imaginary parts of the
complex spectrum for a finite-sized PT -symmetric ladder
lattice with 400 unit cells are numerically calculated as a
function of γ in Fig. 2 (a) and (b), respectively. Results
show a collective PT -symmetric phase transition at the
bulk EP γb = 2d. For γ < γb, the energy spectrum pair
FIG. 2: (color online). (a) Real and (b) imaginary parts
of the complex eigenenergies of Fig. 1 (a) as a function of
γ. γb is the exceptional point related to the PT -symmetric
phase transition. (c) Real and (d) imaginary parts of the
complex eigenenergies of Fig. 1 (c) as a function of γ. The
gray shaded region represents the bulk state eigenenergies,
and the red and blue lines indicate the eigenenergies of the
interface states. γb is the bulk exceptional point and γ± are
the surface exceptional points for the interface states. The
parameters are d = 3 and t = 1, and the number of unit cells
is N = 400.
is real in spite of non-Hermiticity, with each part attract-
ing each other up to the bulk EP unlike the Hermitian
cases, as shown in Fig. 2 (a). For γ > γb, meanwhile, the
energy spectrum pairs are complex conjugates, and repel
each other on the imaginary energy plane with increasing
γ from the bulk EP, as shown in Fig. 2 (b). We note that
the two bands are separable at any value of γ except the
bulk EP, because there is no band crossing for any q [42].
The twofold PT -symmetric ladder lattice can be
formed by merging the edges of the prepared lattice and
its time-reversal partner to create an interface in a pro-
cess called intertwinement (see Fig. 1 (c)). The Hamil-
tonian operator of this intertwined lattice consists of
Hˆ = HˆL + HˆR + Hˆc, (2)
where HˆL =
∑−1
l=−∞ hˆl is a Hamiltonian for the left semi-
infinite non-Hermitian lattice, and HˆR = T
∑∞
l=0 hˆlT −1
is a Hamiltonian for the right semi-infinite lattice with
complex conjugate operator T as a time-reversal opera-
tor. A coupling Hamiltonian Hˆc = c
†
0Tc−1+h.c. connects
the two time-reversal partners. Intertwinement intro-
duces additional PT -symmetry with respect to the z-axis
and additional EPs according to the symmetry. The en-
ergy spectrum of the finite-sized twofold PT -symmetric
ladder lattice is treated by using a tridiagonal Hamilto-
nian. As shown in Fig. 2 (c) and (d), the four emergent
states (red/blue lines) not only show the PT -symmetric
phase transition but also separation from the bulk states,
while the bulk states are coincident with the states of the
simple PT -symmetric lattice.
The emergent states are exponentially localized at the
interface, of which localization lengths defined by the ex-
3FIG. 3: (color online). (a) Localization lengths of odd (blue
line) and even (red line) interface states using the same pa-
rameters as Fig. 2. The NHZMs and NHBSs are robust
against γ in the blue and red shaded regimes II and III, re-
spectively. The orange and green lines represent the analytic
solutions of localization lengths of the odd and even interface
states, respectively. (b, c) Phase diagrams for the localization
lengths of odd and even states, respectively. Blue solid, black
solid, and blue dashed lines in (b) indicate γ−, γb, and γ−b,
respectively. Black solid, red solid, and red dashed lines in
(c) indicate γb, γ+, and γ+b, respectively. No localized states
exist in the white areas. The black dotted lines indicate the
localization lengths shown in (a).
ponential decay of the wavefunctions ψ ∼ e−x/λ as a
function of γ are shown in Fig. 3 (a). Two regimes
having constant localization lengths are indicated by the
shaded regions in Fig.3 (a). In the blue-shaded regime
γ− < γ < γb, the localized interface states conserve
NHPH symmetry as NHZMs, and in the red-shaded
regime γb < γ < γ+, the localized interface states con-
serve PT -symmetry as NHBSs. Otherwise, the localized
states are regarded as defect states in a band gap. The
localization lengths of the NHZMs and NHBSs are in-
dependent of the non-Hermiticity control parameter γ,
which is related to the interplay between the two different
PT -symmetric phases of interface and bulk states on the
lattice protecting twofold PT -symmetry. The NHZMs
appear when the bulk and interface states have unbro-
ken and broken phases, respectively, while conversely the
NHBSs appear when the bulk and interface states have
broken and unbroken phases, respectively. Otherwise,
the interface and bulk states have the same unbroken or
broken phases. The phase diagrams in Fig. 3 (b) and
(c) show the localization lengths of the interface states of
NHZMs and NHBSs as a function of intra-cell hopping
d and non-Hermiticity parameter γ, respectively. When
d < 2t, we can recognize that there exist only a pair
of interface states, including NHBSs, by comparing the
phase diagrams in which the white areas indicate for-
bidden regimes of localized states. We note that, while
invisible in the energy spectra in Fig. 2 (c) and (d), phase
transitions appear for the localized states at the bulk EP,
as shown in Fig. 3 (a).
The interface states can be obtained through the
Schro¨dinger equation H |Φ〉 = E |Φ〉. Let us consider a
linear combination of the simple ladder lattice eigenstates
to solve the intertwined lattice [see Supplemental Mate-
rials]. The ansatz of the wavefunction in the system is
|Φ〉 = |Φ〉L+|Φ〉R =
∑
η=±{αη |ψ(qη)〉L+βη |ψ(−qη)〉R}.
The matching condition of the counter-propagating wave-
functions at the interface is
2d2 sin q+ sin q− +
(γ
2
)2
cos (q+ + q−) =
(γ
2
)2
, (3)
where cos qη =
−E+η
√
d2−(γ/2)2
2 is the momentum vec-
tor corresponding to each energy band, with all energy
scales being dimensionless by t from here. This condition
provides exact solutions for the interface states as
E±η = η
√(
1± 2
d
)(
d2 ± 2d−
(γ
2
)2)
, (4)
which are eigenenergies of the two paired states sepa-
rated from the bulk bands, where the index ± indicates
the even/odd interface states as the red/blue curves in
Fig. 2 (c) and (d), respectively. It is easy to see that
the two surface EPs are γ± = 2
√
d2 ± 2d and that the
interface states undergo phase transitions from unbroken
to broken PT -symmetric phases. There is no interface
state in the Hermitian limit, i.e., γ = 0, and the inter-
face states with real eigenenergies separate from the bulk
states as γ increases. The even and odd interface states
finally merge into the bulk states at γ+b = 2
√
2
√
d2 + d
and γ−b = 2
√
2
√
d2 − d, respectively.
To analyze the characteristics of the emergent inter-
face states, we introduce complex momentum vectors
of the states as q±η = k
±
η + iκ
±
η , where k
±
η and κ
±
η
are real and ± indicates the even/odd state. The dis-
persion relation is generalized by complex momentum
cos(k + iκ) = cos k coshκ− i sink sinhκ. By substituting
the energies of the interface states as found in Eq. (4) for
the energy in the dispersion relation,
cos q±η =
−E±η + η
√
d2 − (γ/2)2
2
, (5)
we can formulate localization lengths as λ± = 1/κ±η at
the interfaces of the intertwined lattice with respect to
the distinct regimes of control parameter γ [see Supple-
mental Materials]. For the NHZMs, we can evaluate the
inverse localization length and wave number for oscilla-
tion as follows,
coshκ−η =
√
d
2
, cos k−η = −η
√
d2 − (γ/2)2
2d
. (6)
4FIG. 4: (color online). (a) Imaginary parts of complex
eigenenergies as a function of γ in the 2D ladder lattice. The
upper inset plots the eigenenergies on the complex plane for
γ = 7.6, and the lower inset illustrates the 2D lattice with a
1D straight interface along the y-axis. (b) Intensity distribu-
tion of a selected lossless NHBS for γ = 7.6. (c) Top view
of the 2D lattice schematic with an arbitrarily shaped closed
interface, with a cut-view showing the interface. The upper
and lower layers have opposite profiles of gain and loss. (d)
Intensity distribution of a selected lossless NHBS for γ = 6.5.
The parameters in this figure are d = 3 and tx = ty = 1, and
the number of unit cells is 40× 40.
In case of the NHBSs, the inverse localization length and
wave number of the localized states are
coshκ+η =
√
d
2
+ 1, cos k+η = η
√
d2 + 2d− (γ/2)2
2d
. (7)
The localization lengths 1/κ±η from Eq. (6) and Eq. (7)
agree well with numerical results, as shown in Fig. 3 (a).
It is meaningful to understand the surface EPs through
the eigenenergies of the twofold PT -symmetric four sites
containing self-energy, which have the same symmetries
as our model. The effective Hamiltonian reads
Heff = τ0 ⊗ (−dσx + iγ
′
2
σz) + τx ⊗ (−σx), (8)
where τi is the Pauli matrix with identity matrix τ0 for
inter-cell hopping. The Hamiltonian is block diagonal-
ized by means of unitary matrix L = (τx + τz)⊗ σ0/
√
2.
One of the blocks is H+ = iγ
′/2σz − (d + 1)σx with
eigenvalues E+η = η
√
(d+ 1)2 − (γ′/2)2, and the other
block is H− = iγ
′/2σz − (d − 1)σx with eigenvalues
E−η = η
√
(d− 1)2 − (γ′/2)2. We can see two differ-
ent critical values of γ′± with respect to the separated
blocks. Suppose that the on-site energy is renormalized
by γ′2 = γ2 + 4 in terms of the self-energy of the semi-
infinite leads; then the block diagonal matrix has two
EPs, γ± = 2
√
d2 ± 2d, which are the same as the surface
EPs in the intertwined lattice. It should be noted that
three symmetry-protected EPs exist in the twofold PT -
symmetric ladder lattice: two surface EPs arising from
the twofold PT -symmetry, and a bulk EP from the PT -
symmetric lattice itself.
We now propose a two-dimensional (2D) lattice in
which a dissipationless one-dimensional (1D) waveguide
is realizable by repeating 1D twofold PT -symmetric lad-
der lattices. For example, a straight waveguide is consid-
ered on the 2D lattice as the interface along the y-axis, as
shown in the lower inset of Fig. 4 (a). This 2D lattice sat-
isfies both translational symmetry along the y-axis and
twofold PT -symmetry of each 1D ladder lattice. Fig-
ure 4 (a) plots the imaginary parts of the eigenenergies
as a function of γ in the 2D bilayered square lattice with
40×40 unit cells, where it is apparent that the imaginary
eigenenergies are broadened when compared to those of
the 1D lattice in Fig. 2 (d) because of finite-size effects.
As shown in the upper inset of Fig. 4 (a), the distribu-
tion of the complex eigenenergies is similar to that of the
1D lattice, except for the real energy distribution due to
the dispersion toward the y-axis. The zero-dimensional
localized NHBSs, which are robust across a wide range
of non-Hermiticity in the 1D lattice, extend into the 1D
NHBSs in the 2D lattice. The corresponding eigenstates,
which extend along the y direction with no dissipation
along the x-axis, are depicted in Fig. 4 (b), with wave-
lengths related to the real parts of the eigenenergies.
Finally, we show the robustness of the dissipationless
1D NHBSs against geometrical deformations. We design
a 2D PT -symmetric layer composed of square lattices
that contain a locally inverted area with an arbitrary
shape, as shown in Fig. 4 (c). Notably, the geometry
presents many abrupt corners where the interface bends
but still conserves symmetry. We can see that the NHBSs
survive without dissipation at the interfaces with sharp
corners, as shown in Fig. 4 (d), while there exists bend-
ing loss around the sharply deformed region of a triv-
ial waveguide. Therefore, NHBSs can be implemented,
without bending loss, as the effective waveguide in a 2D
lattice while conserving local twofold PT -symmetry.
In conclusion, we proposed a system in which localized
states emerge solely through the non-triviality resulting
from non-Hermiticity. Our twofold PT -symmetric lad-
der lattice contains symmetry-protected interface states
as NHZMs and NHBSs with corresponding phase transi-
tions at the two surface EPs and bulk EP as a function of
γ. The characteristics of these two states are as follows.
The NHZMs protected by NHPH symmetry are localized
at the interface between the odd surface EP and the bulk
EP, while the NHBSs protected by PT -symmetry are lo-
calized at the interface between the even surface EP and
the bulk EP. Both have constant localization lengths un-
affected by changes in the non-Hermiticity parameter. As
an example, we showed here that the NHBSs can form an
effective waveguide without dissipation at the interface
between non-Hermitian time-reversal partners. We ex-
pect the characteristics of these two symmetry-protected
5interface states to open up a new field of synthetic non-
Hermitian systems.
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non-Hermitian lattice
I. HAMILTONIAN OF A LADDER LATTICE
The Hamiltonian of the ladder lattice is given by
EΨj = H0Ψj +H1Ψj+1 +H
+
1 Ψj−1, (9)
where
H0 =
(
ǫa −d
−d ǫb
)
, H1 =
(−t 0
0 −t
)
, (10)
and Ψj = (φ
a
j , φ
b
j)
T . We can set Ψj+1 = Ψje
ik and Ψj−1 = Ψje
−ik due to the translational symmetry of the unit
cells. Finally,
H =
(
ǫa − 2t cos k −d
−d ǫb − 2t cosk
)
. (11)
Solving the eigenproblem of H when ǫa = −ǫb = iγ/2, we obtain the band structure for the PT-symmetric ladder
lattice shown in the inset of Fig. 2 (a). Figure 5 shows the real and imaginary parts of the complex energy bands
with d = 3 and t = 1 when γ = 2.0, 6.0, and 10.0.
II. NUMERICAL METHOD FOR EIGENENERGIES AND EIGENSTATES IN THE TWOFOLD
PT-SYMMETRIC LADDER LATTICE
We numerically obtain the eigenenergies and eigenstates in a finite-sized twofold PT-symmetric ladder lattice with
N unit cells given by 

. . . .
H0 H1
H+1 H0 H1
H+1 H
′
0 H1
H+1 H
′
0
. . .


, (12)
where
H ′0 =
(
ǫa −d
−d ǫb
)
for a ladder lattice, and (13)
H ′0 =
(
ǫb −d
−d ǫa
)
for a twisted ladder lattice. (14)
Solving this 2N × 2N matrix, we can obtain 2N eigenenergies. For instance, in the Hermitian case of ǫa = −ǫb = δ/2
(δ is real), the eigenenergies as functions of δ are shown in Fig. 6.
III. ANALYTIC SOLUTION OF THE INTERFACE STATES
The left and right lattices of Fig. 7 can be described by
H |ψ〉L = E±(k) |ψ〉L − teipk(a |p+ 1, A〉+ b |p+ 1, B〉) + tei(p+1)k(a |p,A〉+ b |p,B〉), (15)
H |ψ〉R = E±(k) |ψ〉R − teiqk(b |q − 1, A〉+ a |q − 1, B〉) + tei(q−1)k(b |q, A〉+ a |q, B〉), (16)
8FIG. 5: (color online). (a–c) Real and (d–f) imaginary parts of the complex energy bands of PT-symmetric ladder lattices with
(a, d) γ = 2.0, (b, e) γ = 6.0, and (c, f) γ = 10.0.
where
H = Σn[iγ(|n,A〉 〈n,A| − |n,B〉 〈n,B|) (17)
−d(|n,A〉 〈n,B|+ |n,B〉 〈n,A|)− t(|n+ 1, A〉 〈n,A| − |n+ 1, B〉 〈n,B|+ h.c.)], (18)
E±(k) = −2t cosk ±
√
d2 − (γ/2)2, (19)
|ψ〉L ≡ Σpn=−∞eink(a |n,A〉+ b |n,B〉), (20)
|ψ〉R ≡ Σ∞n=qe−ink(b |n,A〉+ a |n,B〉), (21)
a± = −iγ/2∓
√
d2 − (γ/2)2, (22)
b± = d. (23)
Here, cos k± =
−E±
√
d2+(γ/2)2
2t and sin k± =
√
1− cos2 k± for L, while k± → −k± for R. The ansatz is |Φ〉 =
|Φ〉L + |Φ〉R, where |Φ〉L = α+ |ψ(k+)〉L + α− |ψ(k−)〉L and |Φ〉R = β+ |ψ(−k+)〉R + β− |ψ(−k−)〉R. We find the
condition satisfying H |Φ〉 = E |Φ〉 as
2d2 sin (k−) sin (k+) +
(γ
2
)2
cos (k+ + k−) =
(γ
2
)2
. (24)
This is derived by
(−α+a+e−ik+ − α−a−e−ik− + β+b+eik+ + β−b−eik−) |q, A〉+ (α+a+ + α−a− − β+b+ − β−b−) |p,A〉 (25)
+(−α+b+e−ik+ − α−b−e−ik− + β+a+eik+ + β−a−eik−) |q, B〉+ (α+b+ + α−b− − β+a+ − β−a−) |p,B〉 = 0.
Then, the square matrix below should vanish for non-trivial solutions:

−a+e−ik+ −a−e−ik− b+eik+ b−eik−
a+ a− −b+ −b−
−b+e−ik+ −b−e−ik− a+eik+ a−eik−
b+ b− −a+ −a−




α+
α−
β+
β−

 =


0
0
0
0

 . (26)
9FIG. 6: (color online). (a) Real eigenenergies as a function of δ when ǫa = −ǫb = δ, d = 3, t = 1, and N = 100 in a ladder
lattice of the inset in Fig. 2 (a). (b) Real eigenenergies as a function of δ when ǫa = −ǫb = δ, d = 3, t = 1, and N = 100 in a
twisted ladder lattice of the inset in Fig. 2 (c).
FIG. 7: (color online). An intertwined PT -symmetric ladder lattice we considered.
By putting cos k± =
−E±
√
d2+(γ/2)2
2t and sink± =
√
1− cos2 k± into Eq. (24), then the energy (E) of the interface
states can be evaluated as a function of γ by
EI± = ±
√(
1− 2t
d
)(
d2 − 2dt−
(γ
2
)2)
, (27)
EO± = ±
√(
1 +
2t
d
)(
d2 + 2dt−
(γ
2
)2)
, (28)
where EI± and E
O
± are the eigenenergies of the eigenstates with odd and even parities about the interface, respectively.
Putting Eq. (27) into cos k± =
−E±
√
d2−(γ/2)2
2t , complex wave numbers k
I
± of the interface states are given by
cos kI± =
∓
√(
1− 2td
)(
d2 − 2dt− (γ2 )2)±√d2 − (γ2 )2
2t
. (29)
This kI± can be classified into three phases by the two transition points γI = 2
√
d2 − 2dt and γb = 2d. Setting
kI± = k˜
I
± + iκ
I
±, the imaginary parts κ
I
± of complex wave number k
I
±, which are the reciprocals of the localization
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lengths of the interface states, are
κI± = cosh
−1
−
√
(1− 2td )
(
d2−2dt−( γ2 )
2
)
+
√
d2−( γ
2
)2
2t for γ < γI , (30)
κI± = cosh
−1
(√
d
2t
)
for γI < γ < γb, (31)
κI± = sinh
−1
−
√
(1− 2td )
(
d2−2dt−( γ2 )
2
)
+
√
d2−( γ
2
)2
2ti for γb < γ, (32)
while the real parts k˜I± are
k˜I± = 0 or ± π for γ < γI , (33)
k˜I± = cos
−1
(
∓
√
d2−( γ2 )
2
2dt
)
for γI < γ < γb, (34)
k˜I± = ∓pi2 for γb < γ. (35)
Putting Eq. (28) into cos k± =
−E±
√
d2−(γ/2)2
2t , complex wave numbers k
O
± of the interface states are given by
cos kO± =
∓
√(
1 + 2td
) (
d2 + 2dt− (γ2 )2)±√d2 − (γ2 )2
2t
. (36)
Likewise, kO± can be classified into three phases by the two transition points γb = 2d and γO = 2
√
d2 + 2dt. Setting
kO± = k˜
O
± + iκ
O
±, the imaginary parts κ
O
± of complex wave number k
O
± , which are the reciprocals of the localization
lengths of the interface states, are
κO± = cosh
−1
√
(1+ 2td )
(
d2+2dt−( γ2 )
2
)
−
√
d2−( γ
2
)2
2t for γ < γb, (37)
κO± = cosh
−1
(√
d
2t + 1
)
for γb < γ < γO, (38)
κO± = sinh
−1
−
√
(1+ 2td )
(
d2+2dt−( γ2 )
2
)
+
√
d2−( γ
2
)2
2ti for γO < γ, (39)
while the real parts k˜O± are
k˜O± = 0 or ± π for γ < γb, (40)
k˜O± = cos
−1
(
±
√
d2+2dt−( γ2 )
2
2dt
)
for γb < γ < γO, (41)
k˜O± = ±pi2 for γO < γ. (42)
IV. HAMILTONIAN OF A 2D LADDER LATTICE
The Hamiltonian of the 2D ladder lattice is given by
EΨj,k = H0Ψj,k +H1Ψj+1,k +H
+
1 Ψj−1,k +H2Ψj,k+1 +H
+
2 Ψj,k−1, (43)
where
H0 =
(
ǫa −d
−d ǫb
)
, H1 =
(−tx 0
0 −tx
)
, H2 =
(−ty 0
0 −ty
)
, (44)
and Ψj,k = (φ
a
j,k, φ
b
j,k)
T . We can set Ψj+1,k = Ψj,ke
ikx , Ψj−1,k = Ψj,ke
−ikx , Ψj+1,k = Ψj,k+1e
iky , and Ψj,k−1 =
Ψj,ke
−iky due to the translational symmetry of the unit cells. Finally,
H =
(
ǫa − 2tx cos kx − 2ty cos ky −d
−d ǫb − 2tx cos kx − 2ty cos ky
)
. (45)
